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We first prove that for a coaction of a compact group on a C*-algebra A. the 
largest liminal (resp. postliminal) ideal of A is invariant under the coaction. As a 
consequence of this and an earlier charactert7ation. hy the authors, of the ideals of 
a crossed product algebra which are invariant under the dual coaction. we answer 
afftrmatively a question of Landstad’s and Olesen’s. Specifically. we prove that if I 
is an action of a compact group G on a C*-algebra A and if the lixed-point algebra 
A’ is liminal (resp. postliminal). then so IS the crossed product algebra G x, .4. 
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1. INTRODUCTION 
Let r be an action of a compact group G on a C*-algebra A, and denote 
by A” the fixed-point subalgebra of A and by G x, A the crossed product 
algebra. In [S], Landstad used a generalization of the method of spherical 
functions to associate to the system (G, A, x) a family of algebras A”, 
DE G, and to prove that G x, A is liminal (resp. postliminal) if and only if 
all the algebras A n are (Corollaries 1 and 2 of [S] ). If D is a one-dimen- 
sional representation of G, then A” = A ‘, so that in particular, for G 
compact abelian, G x, A is liminal (resp. postliminal) if and only if the 
fixed-point algebra A” is [5, Corollary 43. In [6], Landstad asked whether 
* Partially supported by National Science Foundation Grants DMS-8601919 and 
DMS-8801448. 
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it is possible, even for non-abelian compact G, that properties of the one 
algebra A” determine properties of G x 1 A. That this holds for finite 
groups, for the properties of being liminal, of being postliminal, or of 
having a 7‘, primitive ideal space, was proven by Rieffel in [S]. Rieffel also 
mentions, in 18, Section 41, that Dorte Olesen has pointed out to him that 
it seems to be unknown whether the implication A” postliminal implies 
G x, A postliminal holds for compact groups as well. (The converse, that 
many properties of G x, A determine properties of A”, follows from the fact 
that A” is isomorphic to a hereditary C*-subalgebra of G x, A [9].) 
In this paper, we employ certain techniques and results of non-com- 
mutative duality theory, as well as results in 13, 51 on ergodic actions of 
compact groups, to prove that if G is compact and A” is liminal or 
postliminal, then indeed so is the crossed product algebra G x, A. For 
information concerning group coactions on a C*-algebra and noncom- 
mutative duality theory, we refer the reader to [2, 73 and the references 
cited therein. We first prove that for a coaction ci of a compact group G on 
a C*-algebra A, both the largest liminal and the largest postliminal ideals 
of A are invariant under 6 (Propositions 2.3 and 2.5). This follows from a 
representation theory result (Proposition 2.1) which seems to require the 
results of [3, 51 on ergodic actions of a compact group on a C*-algebra for 
its proof. However, if either A is type I or G is finite, the results of [3, 5 J 
are not required. The key additional ingredient in the proof of the main 
result (Theorem 3.2) is then our characterization [2, Theorem 3.41 of the 
ideals of a crossed product algebra G x, A which are invariant under the 
dual coaction, namely, that such ideals are of the form G x, J, J an 
r-invariant ideal of A. We remark that it is not true, for a coaction 6 of an 
arbitrary G on A, that the maximal liminal ideal of A is S-invariant. This 
can be seen by letting G be an amenable group which is postliminal but not 
liminal. By [2, Theorem 3.43 again, the only ideals of the group C*-algebra 
C*(G) invariant under the canonical coaction (which is the dual of the 
trivial action of G on UZ) are (0) and C*(G). After Theorem 3.2, we briefly 
discuss and present counterexamples concerning the third property 
considered by Rieffel in Sections 4 and 5 of [IS], that of having a T, 
primitive ideal space. In Section 4 we present an application, partially 
inspired by a communication with Ron Lipsman, of the techniques of 
Proposition 2.1 to group representations. 
For a C*-algebra A, M(A) denotes its multiplier algebra. For a represen- 
tation 71 of A on a Hilbert space, we denote the Hilbert space by ~YXw,, and 
for a Hilbert space X’, B(Y) (resp. K(Z)) denotes the algebra of all 
bounded (resp. compact) linear operators on fl. Throughout this paper G 
will be an amenable group, and C*(G) its group C*-algebra, which 
coincides with the reduced group C*-algebra C,*(G). For C*-algebras A 
and B, by A @ B we mean the spatial tensor product, and for ,f E B*, by S, 
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we mean the “slice-map” from A @B to A, defined on elementary tensors 
by &(a 0 b) =f(b) a, a E A, h E B. Many linear maps @ from a C*-algebra 
A to a C*-algebra B (in particular, continuous linear functionals and 
representations) have canonical extensions, which we denote by 8, to maps 
from M(A) to M(B). We identify unitary representations of G with 
representations of L’(G) or C*(G). 
Part of the research was performed while the first-named author was 
visiting at Tel Aviv University. He would like to thank the School of 
Mathematical Sciences, Tel Aviv University, and especially Aldo Lamar, for 
their warm hospitality and support. 
2. ON &INVARIANCE OF THE LARGEST LIMINAI. AND POSTLIMINAL IDEALS 
Recall that representations L of a crossed product algebra G x, A are in 
one-to-one correspondence with covariant pairs of representations ( V, rr) 
of the system (G, A, n). 
PROPOSITION 2.1. Let 2 be an uction qf‘ u compuct group G on LI 
F-algebra A, let L = ( V, z> be an irreducible representution of G x 2 A, and 
let W be an irreducible representation of G. Then the representation qf 
G x 1 A corresponding to the couuriant pair ( W@ V, I@ n) can be decom- 
posed CIS a direct sum of at most ,jkitely many irreducible representations of’ 
Gx, A. 
Proqf: It suffices to prove that the commutant ( W@ V, IOx)’ is a 
finite-dimensional algebra. Let .rB =$A)‘. Then ( W@ V, /On)’ is 
precisely the subalgebra of B(s&) at,& left fixed under the product action 
(ad W) 0 (ad V) of G on B(S6v)@xZ. (Note that .d is invariant under 
ad V due to the covariance of ( V, n).) As ( V, rr) is irreducible, ad V acts 
ergodically on d. Now for actions of a compact group G on a unital 
C*-algebra B, and for T E 6, let B(r) denote the spectral subspace of T in 
B [3, Section 2). By Proposition 2.1 of [3], if the action is ergodic then 
B(z) is finite-dimensional. By the discussion in Corollary 4.2 of [3] and 
Proposition 2 of [.5], one can pass from an ergodic action on a von 
Neumann algebra to an ergodic action on a dense C*-subalgebra, and thus 
Proposition 2.1 of [33 applies to ergodic actions on von Neumann algebras 
also. Let, for r E 6, B(Xw, 7) be the spectral subspace of T with respect to 
the action ad W of G on B(Xw), and let &(T) be the spectral subspace of 
z in .r4 with respect to the ergodic action ad V of G on ,d. As in Proposi- 
tion 2 of [IS], the subalgebra of B(&&)@.d left fixed by the action 
(ad W)@ (ad V) is contained in CzEg B(XM,, t)@&(f). As B(&) is 
finite-dimensional, B(&,,, t) # 0 for at most finitely many z E 6, while each 
.d(S) is finite-dimensional by the ergodicity of the action ad V of G on .d. 
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Remark 1. If .d is postliminal (type I), Proposition 2.1 also follows 
from the “Mackey machine” construction of irreducible representations of 
G x, A, and the fact that W is a finite-dimensional representation. 
Remark 2. If G is finite and L = ( V, z) is an irreducible representation 
of G x, A, then n is actually a subrepresentation of CKtG. go, for some 
r E a. One way to see this is to note that, for any coaction 6 of a compact 
group G on a C*-algebra, B, BS G xg B by the construction of the crossed 
coproduct algebra, and thus every irreducible representation of B is a sub- 
representation of an irreducible representation of G xh B, restricted to B. 
Applying this to the case where B = G x, A and 6 is the dual coaction, 
Proposition 2.6 of [2] yields that L is a subrepresentation of a representa- 
tion of G x 1 A induced from some t in A. This gives n c SC; gz dg, which 
yields nix,,, gz for G finite. Thus -/r(A)’ and B(X,)@.d, in the 
notation of Proposition 2.1, are already finite-dimensional. 
LEMMA 2.2. Let u he an action of u locally compact group G on u 
C*-algebra A, and let L = ( V, 71 j he a representution qf the reduced crossed 
product algebra G x,,, A. Let 6 denote the dual coaction of G on G x,,, A, 
and i the identity representation qf C,*(G), the reduced group C*-algebru, on 
L2(G). Then the representation (L @ i) 83 6 of G x,., A on Xt.0 L2(G) 
corresponds to the covariant pair ( V@ i, II @ I>, I. denoting the left regular 
representation qf G on L’(G). 
Proof As in Definition 1.4 of [2] and the ensuing discussion, G x 1,1 A 
is generated by products ~(a)( 1 @ I.,-), a~ A, fe L](G), and the elements 
z(a) and 10 i,.lie in the multiplier algebra of G x,., A. The correspondence 
between L and (V, 7-c) is established by n(a) = L(cc(a)) and V(f) = 
j f(s) V(s) ds = L (1 0 j-,.), Z denoting the canonical extension of L to the 
multiplier algebra M(G x,,, A). In fact, for t E G, 1 @i(t) E M(G x,,, A), 
and E(l o%(t))= V(t). Furthermore, as stated in Theorem 1.5(i) of [a], 
for 6 the coaction dual to tl, &cl(a)) = a(a)@ 1 and 6(1 @A(t)) = 10 
l(t)@l(t). Thus ((L@i)06)) (cc(a))=(L@i) (cr(a)@l)=E(cz(a))@l = 
n(a) 0 1 = (n 0 I)(a), and 
((L@i)06)) (l@I(t))=(L@i)~ (l@A(t)@;l(t))=L(l@i(t))@j(t) 
= v(t)@A(t). 
PROPOSITION 2.3. Let 6 be a coaction of a compact group G on u 
C*-algebra A. The largest liminal ideal J of A is d-invariant. 
Proof We first assume tl is an action of G on a C*-algebra B, that A 
is the crossed product algebra G x, B, and that 6 is the dual coaction of G 
on A. By Section 4 of [7] it s&ices to check that 6(J)(A @ C*(G)) s 
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JO C*(G). Let i denote the identity representation of C*(G) on L’(G), and 
note of course that i is just the integrated form of i., the left-regular 
representation. By the definition of J, we must check that for each 
irreducible representation L of .4, 
or that 
Now for each T E G let z, be the representation (dim z) z and X; the 
subspace of L”(G) on which 2 acts as 5. By Lemma 2.2, if L corresponds 
to ( V, rr), then (LO i)~ 6 corresponds to ( V’@& nO Z) acting on 
XL @ L*(G). Thus, letting L, correspond to the pair ( V@ T, , 71 @I) acting 
on yi”,@&, we have (L@i)06=C,Ee@L,. For jgJ, UEA, and 
XEC*(G), ((L@i)~~6)(j)~(L(a)@x)=~,.~@L,(j)(L(u)@~,(~)), with 
each L,(j)(L(a)@r,(x)) acting on ;ci”@e. By Proposition 2.1, L, is a 
direct sum of at most finitely many irreducible representations of G x, A, 
and thus, by the definition of J, L,(j), and also L,(j)(L(a) @ z,(x)), 
are compact operators on AT,@.%. As llL,(j)(L(a)O~,(x))l/ < 
lljll II4 . ll~lb)ll and as x = C,,i; @ zr(x) is a compact operator on L’(G), 
it follows that jlt I(x)/I, as a function on G, converges to 0 at a, and so 
does llW)(L(~)O ~,(.~))ll. H ence the direct sum ((LO i) 0 6)(j)(L(u)@x) 
is compact on XL 0 L’(G), and lies in K(Xi) 0 K(L*(G)). As according to 
the definition of coaction, the operator automatically lies in B(S[,)O 
C*(G), we are done by a simple application of either slice maps or the 
theorem of [4]. 
Now let 6 be an arbitrary coaction of G on A, and 8 the coaction of G 
on A @ K(L’(G)) corresponding to the double-dual coaction d of G on 
Gx,: (Gx, A), as described in [2, Theorem 1.6(ii)]. By the above, the 
largest liminal ideal J@ K(L2(G)) in A @ K(L’(G)) is $-invariant, and it 
follows easily from the relationship between $ and 6 that J is therefore 
d-invariant [2, Theorem 1.6(ii)]. 
The following lemma allows us to use Proposition 2.3 and a composition 
series argument to prove an analog of Proposition 2.3 for the largest 
postliminal ideal of A. For details concerning quotient coactions, see [7, 
Sections 4.64.81. 
LEMMA 2.4. Let 6 be a couction of an amenable group G on a C*-algebra 
A. Let I be u S-invariant ideal of A, 0: A + A/I the quotient map, and J an 
ideal qf A/I invariunt under the quotient coaction 6’. Then O-‘(J) is N 
ii-invariant ideal of A. 
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Proqf Let a E 0 l(J), x E A 0 C:(G). By the definition of ideal 
invariant under a coaction [7, Definition 4.11, we must show 6(a)x~ 
fl- l(J)@ C,*(G). Clearly, 
(N@Ji)(S(u).u)= (OOi) (S(u)) ‘(O@i)(S) 
=S’(~(U))~(H@~)(X)EJ@C,*(G), 
by the definition of 6’ [7, Lemma 4.61 and the a/-invariance of J. To see 
that as a consequence G(u)xE~~‘(J)@CP(G), observe that C:(G) satisfies 
the “slice-map property” [ 10, Proposition lo], and that for ,f~ (C,*(G))*, 
y~A@C,*(G),fl(l?,-(y))=S,((HOi)(p)). As (~@~)(G(u)x)EJ@CP(G), we 
have B(S,(S(U)X))EJ and by the slice-map property, S(u)x~d~~‘(J)@ 
C(G). 
PROPOSITION 2.5. Let 6 he u couction qf u compuct group G on A. The 
Iurgest postliminul ideal I qf’ A is S-invuriunt. 
Proof: The proof follows from the existence of a composition series 
(1 io such that I, = {0}, I, = I, I,,, ,/I,, is liminal, and each I, is 
&mva?a% To construct (I,,} by translinite induction, observe that if jI is 
a limit ordinal and we define I, = U I’ < ,) I,,, then I, is clearly b-invariant if 
all the IQ’s, p < /‘I, are. If fl= /I’ + 1 and I,. # I, the A/Z,. contains a non-zero 
liminal ideal. The largest non-zero liminal ideal J in A/Z,j, is invariant under 
the quotient coaction by Proposition 2.3, and its inverse image under the 
quotient map of A + A/Z,j. is d-invariant by Lemma 2.4. Set I,{ equal to this 
inverse image. 
3. THE MAIN THEOREM 
We now consider compact group actions IX: G + Aut A, and the relation- 
ship between properties of the fixed-point algebra A” and of the crossed 
product algebra G x, A. By a proper ideal J of A we mean an ideal J$ A. 
The following easy lemma, which surely must be well known, describes the 
fixed-point subalgebra of a quotient, and in particular proves that no 
proper a-invariant ideal of A contains A”. 
LEMMA 3.1. Let a he an action of u compact group G on u C*-algebra 
A, and let J he a proper r-invariant ideal of A. Then (A/J)” ‘v A*/(A” n J). 
Proof: Clearly A”/(A” n J) ‘v (A” + J)/JE (A/J)“. Let 0 be the quotient 
map 0: A -+ A/J and let a E A with e(u) E (A/J)“. Then Z~U - a E J, for all 
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gEG, and .xclGuRadg lies in A”, with .u-a=jGcc,a-adgEJ. Thus 
t?(x) = O(u), and (A/J)” = (A’ + J)/J. 
THEOREM 3.2. Let 2 he an action qf a compact group G on u C*-ulgebru 
A. Then the fixed-point algebra .4 ’ is liminul (resp. postliminul) if and onl!’ 
if the crossed product algebra G x, A is liminul (resp. postliminul). 
Proof: By [9], there exists a projection p in M(G x, A) such that the 
non-zero hereditary C’*-subalgebra B =p(G x, A)p of G x, A is equal to 
the set of all constant functions from G into A whose (unique) value lies 
in A”. Thus B is isomorphic to A” and, as in 191, is strongly Morita equiv- 
alent to the ideal P generated by B in G x, A. Thus if G x, A is liminal 
(resp. postliminal) so is A”, as is indeed well known. For the converse, 
assume A” is liminal (resp. postliminal), so that, as above, P is a non-zero 
liminal (resp. postliminal) ideal. Let I denote the maximum liminal (resp. 
postliminal) ideal of G x, A, so that II> P and I is invariant under the dual 
coaction, by Propositions 2.3 and 2.5. The proof follows from the fact that 
the only ideal of G x, A which both contains P and is invariant under the 
dual coaction is G x, A itself. To see this, let Q be such an ideal and 
assume Q is proper. By Theorem 3.4 of [2], Q = G x, J for an x-invariant 
ideal J of A, and clearly (0) !$ J!$ A. By Lemma 3.1, there exists x E A”, 
x $ J. The function f: G + A, defined by f( 8) = X, Vg E G, by definition lies 
in B c P s Q = G x 2 J, which contradicts the fact that x 4 J. 
Remarks. In [IS], Rieffel considered the case of a finite group G acting 
on A. He proved, in [S, Sections 451, for the three algebras A”, A, and 
G x, A, and for each of the three properties of being liminal, of being 
postliminal, or of having a T, primitive ideal space, that any of the above 
three algebras has a given property if and only if the other two do also. 
Rieffel’s proof, for the property of being liminal, followed simply by com- 
bining his results for the properties of being postliminal and of having a T, 
primitive ideal space. Even for compact abelian groups, however, A” can 
have a T, primitive ideal space without the same being true for G x, A, as 
can be seen by the second example in Proposition 3.4 of [ 11. There G is the 
Cantor group, the crossed product algebra G x,{ B is prime but not simple, 
while for the fixed-point algebra B” every primitive ideal is maximal, as can 
be seen from the diagram of B” in [9]. In fact, for G compact abelian, the 
only implication that holds is that A’ has a T, primitive ideal space if 
G X, A does. Examples are easy to come by. The action of the gauge group 
on the CAR algebra [I, Section 41 gives an example where the primitive 
ideal spaces of A” and of G x, A are not T, , while that of A is. Let Q*, the 
multiplicative group of non-zero rationals with the discrete topology, act 
on iw via u. h = ah, a E Q*, h E [w. Let A be the crossed product algebra 
Q* x C,(aB), and let G be the compact dual of Q*, acting on A via the dual 
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action LX Then Gx,A-K(L’(Q*))@C,(iw), and A”=C,(IW) have T, 
primitive ideal spaces while A does not (basically since the Q*-orbit closure 
of (0) in iw is properly contained in the Q*-orbit closure of any other point 
in [w). 
4. AN APPLICATION TO GROUP REPRESENTATIONS 
Let G be a compact group acting as a group of automorphisms of a 
locally compact group H, and let S = G x 2 H be the semi-direct product. As 
G ‘Y S/H, a unitary representation V of G lifts to a unitary representation, 
denoted v, of S. Letting C*(H) be the C*-algebra A of Proposition 2.1, it 
follows that if W is an irreducible representation of S and V is an irreducible 
representation of G, then PO W can be decomposed as a direct sum of at 
most finitely many irreducible representations of S. After the authors 
mentioned this result to Ron Lipsman, Lipsman replied with the question 
as to whether, in the more general situation, where S contains H as a 
closed normal subgroup with S/H compact, a similar result holds. We 
show below that it does and mention that certainly this new result can be 
made to follow directly from an analogous extension of Proposition 2.1 to 
the case of twisted crossed product algebras. Also, as in the first remark 
after Proposition 2.1, if H is type I the proposition below is an easy 
consequence of the Mackey machine, whereas our technique does not 
require the type I assumption. 
PROPOSITION 4.1. Let S he a locally compact group with a closed normal 
subgroup H such that SJH is compact. Let V, W be irreducible unitary 
representations of S, with W trivial on H. Then W@ V can be decomposed 
as a direct sum of at most finitely many irreducible representations qf S. 
Proof: As in Proposition 2.1, it suffices to show that the cornmutant of 
the von Neumann algebra generated by { W(s)@ V(s) : s E S} is finite- 
dimensional. Let &’ be the cornmutant of the algebra generated by 
{l@V(h):h~H}, and note that, for x ES, X -+ Ad( W(x)@ V(x)) = 
(Ad W(x))@ (Ad V(x)) determines a well-defined action of S/H on .d. 
Furthermore, d can be written as B(Hw)@B, .@ being the cornmutant of 
( V(h) : h E H}, and the cornmutant of ( W(s) @ V(s) : s E S} is precisely the 
fixed-point subalgebra of ~2, under the above action of S/H. As the action 
X + Ad V(x) of S/H on &I is ergodic, the result follows as in Proposi- 
tion 2.1. 
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